Introduction {#Sec1}
============

The synchronization of oscillators is a universal concept in nonlinear sciences^[@CR1],[@CR2]^. It has been observed in both nature^[@CR2]^ and social activities^[@CR1]--[@CR3]^, and also promises important applications in engineering^[@CR1],[@CR2],[@CR4]--[@CR8]^. Since its discovery in pendulum systems by Huygens in the 17th century^[@CR9]^, synchronization has been observed in various fields including bursting neurons^[@CR10]^, fireflies^[@CR11]^, and chemical reactions^[@CR12]^. Although these systems operate in very different size scales, the mechanism behind synchronization can be understood as follows: oscillators under weak interaction adjust their rhythms to keep their motions consistent. The synchronization of oscillators has also been studied in relation to information processing^[@CR7]^, communications^[@CR5]^, and high-precision clocks^[@CR8]^.

Optomechanical resonators^[@CR13]--[@CR31]^ with high-quality factors and strong nonlinearities have attracted considerable attention in various fields due to their promising applications. The synchronization of optomechanical systems is an important topic in optomechanics^[@CR32]--[@CR42]^. It has been demonstrated that an optomechanical system, with strong nonlinear light-matter interaction^[@CR43]--[@CR46]^, can support quite different types of motion, i.e., periodic^[@CR14]^, quasi-periodic^[@CR23]^, and chaotic^[@CR21]--[@CR23],[@CR27]--[@CR29]^. However, the majority of previous works concentrated on the synchronization of *periodic* oscillations. The synchronization^[@CR47]^ of two *chaotic* optomechanical systems is still a very challenging task. The main problem is how to design an experimentally accessible setup, which implements existing mathematical schemes of chaotic synchronization. For instance, chaotic synchronization fails in two optomechanical resonators, when they are mediated by optical fields. Therefore, a model enabling the chaotic synchronization in optomechanical systems is desirable.

In this paper, we propose methods for the synchronization of two optical modes in an optomechanical system with *chaotic* dynamics rather than with *periodic* motion. These methods are based on a configuration in which a strongly driven and one (or more) weakly driven cavity modes are coupled to a mechanical resonator. Chaos is generated from the nonlinear optomechanical coupling^[@CR21]--[@CR23],[@CR27]--[@CR29]^ between the strongly driven cavity mode and the mechanical mode, and transferred to the other weakly driven optical-cavity modes via the mechanical motion^[@CR23]^. The mechanical resonator subsequently works as a common force acting on every cavity modes. In this configuration, we find that complete synchronization is achievable in two identical weakly driven cavity modes, and phase synchronization can be realized in two arbitrary different cavity modes in the weak-detuning strong-coupling regime.

The complete synchronization studied in this paper can be understood in the framework of the active-passive decomposition (APD) model^[@CR48]--[@CR50]^. In the APD model, a chaotic system is decomposed into two parts: an autonomous subsystem and a *non*-autonomous subsystem (system 1). An identical non-autonomous subsystem is called system 2, and driven by the same autonomous subsystem as system 1. Complete synchronization between chaotic systems 1 and 2 can be achieved if their synchronization error is uniformly asymptotically stable at the zero point defined right below Eq. ([4](#Equ4){ref-type=""}). In optomechanical setups, the mechanical resonator corresponds to the autonomous subsystem, and the two chaotic weakly driven optical modes are the non-autonomous subsystems to be synchronized. By constructing a strict Lyapunov function, we show that complete synchronization can be achieved and is stable to mechanical input and initial conditions. Moreover, numerical simulations, given in this paper also coincide with this analytical result.

For two *non-identical* chaotic optical modes, the hidden synchronization, known as phase synchronization, can also be observed in the systems 1 and 2. The configuration used here is the same as in complete synchronization. The mechanical resonator acting on the frequencies of each optical resonators, modulates their rotations in the same way. Especially, in the strong-coupling small-detuning regime, the rotations of the cavity modes are dominated by the frequency shifts brought by the same mechanical resonator. Here, we use unwrapped phases to measure the rotations of the optical resonators. Thus, although the two optical modes are in different chaotic motions, their unwrapped phases can be locked at a fixed ratio.

We propose two optomechanical setups for either complete synchronization (A1 and B1) or phase synchronization (A2 and B2) of chaotic optical modes. In both setups A1 and A2, all the optical modes are integrated into a single optomechanical system and coupled via the same mechanical resonator. While in setups B1 and B2, the optical modes are coupled via different connected mechanical modes, which thus, have more potential applications as the optical modes to be synchronized are distributed in difference devices. In the strong mechanical coupling regime, setups B1 and B2 can be reduced to setups A1 and A2, respectively.

This paper is organized as follows: In Secs. II and III, we present the corresponding setups for both complete and phase synchronization in an optomechanical system. The numerical results for these two types of synchronization are shown and compared in Sec. IV. In Sec. V we summarize our work and discuss some potential applications.

Complete Synchronization {#Sec2}
========================

In this section, we propose two optomechanical setups (A1 and B1) for the synchronization of two chaotic identical optical modes. These setups enable the following processes: (1) the mechanical mode transfers chaos, which is generated by a strongly driven optical mode, to other weakly driven modes, (2) it acts as a common force to synchronize each optical mode to a consistent state. When the weakly driven optical modes are identical, this configuration leads to a complete synchronization of the modes, which can be understood by the already defined APD model. Below we first introduce the concepts of complete synchronization and the APD model.

In general, complete synchronization refers to the identity among the phase-space orbits of chaotic systems. Let us consider two chaotic systems$$\documentclass[12pt]{minimal}
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The drive-response model^[@CR51]^ and the active-passive decomposition (APD) model^[@CR48]--[@CR50]^ are two widely used methods for characterizing the complete synchronization of chaotic systems. In the former model, the drive and response systems, which are to be synchronized, are in the unidirectional-coupling regime. It is required that the response system can be decomposed into a stable subsystem and an unstable one. By controlling the motion of the unstable subsystem, the driving part can force the phase-space orbit of the response part to reach a synchronized state. However, the drive-response model can only be applied to decomposable chaotic systems. This seriously restricts its applications in engineering. The APD model, as an advanced version of the drive-response model, provides a more general way to study complete synchronization. In the APD model, two chaotic parts to be synchronized can be written as the non-autonomous form:$$\documentclass[12pt]{minimal}
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The setups are shown in Fig. [1](#Fig1){ref-type="fig"}, both of them consist of three subsystems: (i) a strongly driven cavity mode, $\documentclass[12pt]{minimal}
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According to APD model, the mechanical oscillation corresponds to an external signal and the weakly driven cavity modes are the two subsystems to be synchronized. Analytically, we find that complete synchronization is stable to the mechanical input. We also numerically show in Sec. IV that the two weakly driven optical modes can be excited to chaotic states and can evolve into a completely synchronized state.

For simplicity, we neglect both thermal noise and quantum noise. This is valid under the following assumptions: (i) the thermal occupation of the cooled mechanical resonators is low, such that the thermal noise of the mechanical oscillators is small in comparison with the motion caused by the applied driving; (ii) the optomechanical system is driven by strong laser fields and, therefore, can be treated as a classical system. Under these conditions, the effect of environmental thermal noise and quantum noise of our optomechanical system can be neglected.

Complete synchronization in setup A1 {#Sec3}
------------------------------------

We start our discussion of complete synchronization by introducing setup A1, shown in Fig. [1(a)](#Fig1){ref-type="fig"}. One strongly and two weakly driven cavity modes are coupled to the same mechanical mode. Here the strongly driven optical mode creates mechanical chaos through nonlinear optomechanical coupling. In this arrangement, the fields in the weakly driven cavity modes are modulated in a chaotic way by the chaotic mechanical mode. The total Hamiltonian of this synchronized system is given by (we set $\documentclass[12pt]{minimal}
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To obtain the equation of motion of the system in the classical regime, we first write the quantum Langevin equations for the Hamiltonian, given in Eq. ([5](#Equ5){ref-type=""}), as:$$\documentclass[12pt]{minimal}
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In this configuration, *α*~*j*~ are the two classical cavity modes to be synchronized, which are governed by$$\documentclass[12pt]{minimal}
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Note that the parameters of two weakly driven cavity modes are identical, i.e.: $\documentclass[12pt]{minimal}
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Complete synchronization in setup B1 {#Sec4}
------------------------------------

In this subsection, we focus on setup B1 shown in Fig. [1(b)](#Fig1){ref-type="fig"}. Specifically, this system consists of one strongly and two weakly driven optomechanical systems, each of which includes only a single cavity mode and a mechanical mode. Different from setup A1, here the optomechanical systems are coupled with each other via the mechanical resonators: each mechanical mode $\documentclass[12pt]{minimal}
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These two system, described in Eq. ([10](#Equ13){ref-type=""}), are driven by the same strongly driven optomechanical system:$$\documentclass[12pt]{minimal}
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In the mechanical strong-coupling regime, the mathematical model of setup B1 can be reduced to that of setup A1. In this case, the Lyapunov function in setup A1 is also valid, and complete synchronization is stable in this setup. Note that the external-force term $\documentclass[12pt]{minimal}
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To summarize, complete synchronization in setups A1 and B1 is a result of (i) dissipation of the cavities and (ii) a common external force. The chaotic mechanical resonator, working as a common force, adjusts the rhythms of the two optical modes to the same chaotic oscillation, while the dissipation of the cavities eliminate their initial state differences to reach a synchronized state.

In this section, we discussed the complete synchronization of two identical chaotic optical modes in optomechanical systems. However, it is technically challenging to fabricate two identical optomechanical resonators. Even a tiny parameter mismatch between two chaotic optomechanical resonators can destroy their complete synchronization. Thus, the research of synchronization in nonidentical chaotic systems is of importance. So far, there are many attempts for synchronization of two nonidentical chaotic systems, including phase synchronization^[@CR53],[@CR54]^, generalized synchronization^[@CR55],[@CR56]^, and time-delayed synchronization^[@CR57]^. Below we describe phase synchronization of two nonidentical optical modes in an optomechanical system.

Phase Synchronization {#Sec5}
=====================

Now, we discuss in detail the synchronization of nonidentical chaotic cavity modes. In this section, we show that the phases of two nonidentical chaotic cavity modes can be locked at a fixed ratio, although their amplitudes are irrelevant to each other.

In general, two oscillators are called phase synchronized if their phases $\documentclass[12pt]{minimal}
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In this section, we also study the configuration mentioned in Secs 1 and 2: The mechanical resonator acts on the frequency term of each chaotic cavity mode, and modulates their rotations in the same way. More specifically, in the small-detuning strong-coupling regime, the mechanical resonator governs the rotation of each chaotic cavity mode with different coupling strengths. These cavity modes can, thus, be locked at a fixed value associated with the coupling strengths. Here, the optical rotations are measured by the wrapped phases calculated by Eq. ([13](#Equ18){ref-type=""}).

For examples, we consider the phase synchronization of strongly and weakly driven cavity modes. The setups are shown in Fig. [2(a,b)](#Fig2){ref-type="fig"}, both of them consist of one strongly driven mode, one weakly driven cavity mode, and one or more mechanical mode(s). we describe a configuration for phase synchronization of a strongly driven cavity mode and a weakly driven one in an optomechanical system. When the driving-enhanced optomechanical coupling is strong and the cavity-driving detuning is small, i.e., in the strong optical-mechanical coupling and small-detuning regime, the temporal phase of each optical mode mainly depends on the displacement(s) of the mechanical resonator(s). In this configuration, the two chaotic optical cavity modes can be prepared in phase synchronized, regardless of their amplitudes. As in complete synchronization, here we also neglect thermal noise and quantum noise.Figure 2Schematic diagrams of two different setups for phase synchronization. (**a**) Setup A2 consists of a strongly driven optical mode $\documentclass[12pt]{minimal}
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The detailed description of these two setups is presented in the following subsections.

Phase synchronization in setup A2 {#Sec6}
---------------------------------
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The cavity modes *α*~*s*~ and *α*~*w*~ are two parts to be synchronized. They are driven by the same mechanical mode *β*. The mechanical motion is governed by$$\documentclass[12pt]{minimal}
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Next, we find the relation of parameters determining the ratio of the unwrapped phase of cavity modes in phase synchronization. We define the mean value of the mechanical displacement *x* as $\documentclass[12pt]{minimal}
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To conclude, in the strong-coupling small-detuning regime, the mechanical displacement *x* dominates the unwrapped phases of the two chaotic optical modes (*α*~*s*~ and *α*~*w*~). While the coupling strengths (*G*~*s*~ and *G*~*w*~) act as the weighting factors of *x* in this process. Therefore, the unwrapped phases of the two chaotic optical modes (*α*~*s*~ and *α*~*w*~) can be locked at a fixed value related to *G*~*s*~ and *G*~*w*~.

Phase synchronization in setup B2 {#Sec7}
---------------------------------

As shown in Fig. [2(b)](#Fig2){ref-type="fig"}, the setup B2 consists of a strongly driven optomechanical system and a weakly driven one, each of which includes only a single cavity mode and a mechanical mode. Different from setup A2, two optomechanical resonators are mechanically coupled with each other with a coupling coefficient *k*. Treating the whole system classically, we can replace the operators $\documentclass[12pt]{minimal}
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The dynamics of the weakly driven optomechanical resonator is described by:$$\documentclass[12pt]{minimal}
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We now discuss our idea for the chaotic synchronization of optomechanical systems in the unidirectional coupling regime. This treatment is reasonable as long as $\documentclass[12pt]{minimal}
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Results {#Sec8}
=======

In Sec. II, we presented four setups for both complete and phase synchronization of chaotic optical modes in an optomechanical system. These setups are different in their configurations but share a common dynamics: the strongly driven cavity mode overwhelms the weakly driven cavity modes and drives them into chaotic motion. For each setup, we plotted the corresponding phase portraits to show their dynamical motions. We assume that the strongly driven optomechanical resonators in each setup are in the red detuning regime, and their values are based on the experimental data given in ref.^[@CR29]^. The values of the other parameters, which were set in our simulations, are also experimentally accessible with current technologies. Complete synchronization can be achieved when the amplitude of the strongly driven cavity field is much larger than the weakly driven ones: $\documentclass[12pt]{minimal}
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Complete synchronization {#Sec9}
------------------------

As mentioned above, we propose two setups for realizing complete synchronization. Both setups are described by the APD model. The mechanical mode plays two key roles: (i) transferring chaos from the strongly driven cavity mode to the weakly driven ones, and (ii) acting as a common external force on the optical modes. Below we provide several numerical simulations for the complete synchronization of these two setups.

### Complete synchronization in setup A1 {#Sec10}

In setup A1, the system consists of three cavity modes (i.e., one strongly driven and two weakly driven modes) and a mechanical mode. Each cavity mode is coupled to each other via the mechanical mode. To realize chaotic synchronization, first we need to prepare the weakly driven cavity modes *α*~1~ and *α*~2~ in chaotic states. However, in general, weakly driven optomechanical systems can only generate nonchaotic fields. An efficient method to obtain a weak chaotic field is that connecting a weakly driven cavity mode to a chaotic resonator. In this setup, chaos is generated by the strongly driven cavity mode, and then transferred to the weakly driven cavity modes *α*~1~ and *α*~2~ via the mechanical mode^[@CR23]^. Here, the cavity mode *α*~1~ is taken as an example to show how its dynamics transfers from regular into chaotic. To give a straightforward view of this transfer, we numerically calculate its phase portraits without \[see Fig. [3(e)](#Fig3){ref-type="fig"}\] and with \[see Fig. [3(f)](#Fig3){ref-type="fig"}\] the driving from the strongly driven optical mode. Moreover, we calculate the largest Lyapunov exponent (LLE) of the system with the method proposed in^[@CR59],[@CR60]^ to check if *α*~1~ evolved to a chaotic state. A positive LLE is an indicator of chaos, while a non-positive LLE means regular motion.Figure 3Complete synchronization in setup A1: Time evolutions for (**a**) $\documentclass[12pt]{minimal}
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To make a clear comparison of the weakly driven optical mode with and without coupling to the strongly driven optical mode, we first consider the case without the cavity mode $\documentclass[12pt]{minimal}
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### Complete synchronization in setup B1 {#Sec11}

Now we study complete synchronization in setup B1, shown in Fig. [1(b)](#Fig1){ref-type="fig"}. The system includes three optomechanical subsystems: two weakly driven optomechanical objects are coupled to the strongly driven optomechanical one via the mechanical coupling. In this subsection, we numerically show, by preparing the strongly driven optomechanical part in a chaotic state, that the weakly driven parts can also be driven into synchronized chaotic states.

Since the two weakly driven components share the same dynamics, we choose one of these as an example, and numerically calculate its temporal amplitudes and phase portraits with \[Fig. [5(c,e)](#Fig5){ref-type="fig"}\] and without \[Fig. [5(d,f)](#Fig5){ref-type="fig"}\] coupling to the strongly driven component. The results turn out to be similar to the ones in setup A1. Without the strongly driven part, the weakly driven component is in regular motion: the amplitude of the cavity mode, $\documentclass[12pt]{minimal}
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As discussed in setup A1, the two chaotic cavity modes $\documentclass[12pt]{minimal}
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### Comparison of setups A1 and B1 {#Sec12}

Complete synchronization can be realized in both setups A1 and B1 according to the APD model. As shown in Figs [4](#Fig4){ref-type="fig"} and [6](#Fig6){ref-type="fig"}, the motions of the two weakly driven cavity modes tend to be close to each other and become completely identical as the time progresses. As our theoretical prediction, the weakly driven cavity modes in chaotic motion can be in complete synchronization if they are asymptotically stable and their motion is dominated by a common external force, which is the strongly driven cavity mode here. Chaos can be transferred from the strongly driven cavity mode to the weakly driven cavity modes by mediation of a direct coupling in setup A1 (see Fig. [3](#Fig3){ref-type="fig"}) or indirect coupling in setup B1 (see Fig. [5](#Fig5){ref-type="fig"}). In setup A1, the two weakly driven cavity modes are synchronized. They are driven by the same mechanical mode.

For setup A1, complete synchronization occurs due to the configuration that the two identical weakly-driven cavity modes are driven by the same mechanical mode. In this regime, the damping of the cavity modes removes the information about the initial cavity conditions. In other words, the differences between the initial states of the two weakly driven cavity modes vanish as time increases. Therefore, even in the chaotic regime, the two optical modes can still achieve a synchronized state.

Different from setup A1, the action of the common external drive in setup B1 is indirectly applied to the two weakly driven cavity modes via the mechanical coupling. The setup B1 highly relies on the mechanical coupling coefficient $\documentclass[12pt]{minimal}
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Phase synchronization {#Sec13}
---------------------

Phase synchronization is defined as the locking of the unwrapped phases in two dynamical systems. Below we will show phase synchronization of two chaotic optical modes in Fig. [2](#Fig2){ref-type="fig"} in the strong-coupling small-detuning regime. Note that the unwrapped phases defined here are unfolded in every 2*π*-period. This is essentially different from the phases introduced for complete synchronization in Sec. II.

### Phase synchronization in setup A2 {#Sec14}

In setup A2, shown in Fig. [2(a)](#Fig2){ref-type="fig"}, the weakly and strongly driven optical modes are coupled via a mechanical mode. Here, the cavity mode $\documentclass[12pt]{minimal}
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To study phase synchronization between the two chaotic optical modes, we calculate the ratio of the unwrapped phases of the strongly and weakly driven optical modes. To do so, we fix *G*~*s*~ but change the coupling strength *G*~*w*~ to see how the optomechanical coupling strength influences phase synchronization in the optomechanical system. The unwrapped phase $\documentclass[12pt]{minimal}
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Figure [8(a--c)](#Fig8){ref-type="fig"} illustrate the evolutions of the ratio of unwrapped phase $\documentclass[12pt]{minimal}
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### Phase synchronization in setup B2 {#Sec15}

In setup B2 shown in Fig. [2(b)](#Fig2){ref-type="fig"}, the strongly and weakly driven optomechanical systems are coupled to each other with a rate $\documentclass[12pt]{minimal}
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As mentioned above, in phase synchronization, the unwrapped phases of the two chaotic optical cavity modes should be locked at the value $\documentclass[12pt]{minimal}
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Similar to setup A2, the motion of the weakly driven optomechanical part is determined by two factors: (i) its inherent oscillation and (ii) the driving of the strongly driven optomechanical resonator. For the latter factor, the increase of the mechanical coupling coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$k/{\gamma }_{s}={10}^{3}$$\end{document}$, the motion of the weakly driven cavity mode is governed by the strongly driven optomechanical system. It leads to a perfect phase locking, as shown in Fig. [8(f)](#Fig8){ref-type="fig"}. Note that there still exists a small discrepancy between $\documentclass[12pt]{minimal}
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### Comparison of setups A2 and B2 {#Sec16}

Both setups A2 and B2 can be described as a common configuration in which the strongly driven optical mode dominates the motion of the weakly driven optical mode. To realize phase synchronization, setup A2 requires strong optomechanical coupling and weak detuning (the so-called strong-coupling small-detuning regime). Compared to setup A2, the setup B2 additionally requires a strong coupling between the two mechanical resonators. Moreover, in this strong mechanical coupling regime, the mathematic model of setup B2 is equivalent to that of setup A2.

Conclusions and discussions {#Sec17}
===========================

We have studied both complete and phase synchronization of optical cavity modes mediated by mechanical resonators. It is found that the complete synchronization of two identical optical cavity modes in chaotic motion can be obtained. We also showed the phase synchronization between two nonidentical optomechanical systems. In both types of chaotic synchronization, the chaotic displacement of the mechanical resonators is dominantly governed by the strongly driven optical mode. The chaotic motion of the mechanical resonators subsequently pulls the weakly driven optical cavity modes into chaotic motion. As a result, the phases of the strongly and weakly driven cavity modes can be synchronized. We stress again that complete synchronization can be achieved when the amplitude of the strongly driven cavity field is much larger than that of the weakly driven cavities: $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{w}\bar{x}\gg {\gamma }_{w}$$\end{document}$). In this paper, the values of the strongly driven optomechanical resonators were based on the experimental data given in ref.^[@CR29]^. The optomechanical models studied in this paper can be easily extended to a number of *N* chaotic optical modes, supporting either complete synchronization or phase synchronization, or both. Our work provides a method to observe chaotic synchronization in experimentally-accessible optomechanical systems. The setup of ref.^[@CR23]^ can be used to experimentally implement our proposals. Future work can include the analysis of the synchronization of two chaotic mechanical resonators in optomechanical setups.
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